Tolman's relation for the temperature gradient in an equilibrium self-gravitating general relativistic fluid is broadly accepted within the general relativity community. However, the concept of temperature gradients in thermal equilibrium continues to cause confusion in other branches of physics, since it contradicts naive versions of the laws of classical thermodynamics. In this paper we discuss the crucial role of the universality of free fall, and how thermodynamics emphasises the great distinction between gravity and other forces. To do so we will present an argument given by Maxwell and apply it to an electro-thermal system, concluding with an reductio ad absurdum. Among other issues we shall show that Tolman temperature gradients could also (in principle) have been derived circa 1905 -a decade before the development of full general relativity.
I. INTRODUCTION
The naive version of the zeroth law of thermodynamics states that if a system Σ is in thermal equilibrium, then the temperature will be constant throughout all points p ∈ Σ. In another words, the equilibrium temperature field is spatially and temporally uniform as long as no external changes are applied. Furthermore, the naive version of the second law of thermodynamics, states (in Clausius form) that if two systems with different temperatures are put into thermal contact with each other, heat will flow from the hotter to the colder body until thermal equilibrium is reached. Both of these thermodynamic laws need subtle rephrasing in the presence of gravity -instead of the locally measured temperature T (x) being the determining factor, it is the redshifted temperature [1] T 0 = T (z) 1 + gz c 2 (1.1) that is internally constant in equilibrium (zeroth law), and it is differences in T 0 , not differences in the locally measured T (x), that drive the direction of heat flow in the Clausius form of the second law [2] .
Consider a finite-size box filled with some fluid, and assume it to be placed in a gravitational field. We might think of this system as being composed of several subsystems, for example, layers at distinct heights where all the individual layers are in thermodynamical contact with their surroundings through permeable diathermic walls. When the state of thermal equilibrium is reached, we expect, according to the naive laws of thermodynamics, to have a spatially and temporally uniform temperature through the whole box.
On the other hand, in 1930, Richard Tolman wrote an enlightening paper [1] arguing that heat, as much as any other source of energy, is subjected to gravity. Tolman's conclusion, after calculations with both massive and radiation gases, is that the equilibrium temperature of a spherically symmetric static distribution of a perfect fluid is not uniform. It depends, given the symmetry of the spacetime, and using (− + ++) metric signature, only on the radial position:
T (r) = T 0 −g 00 (r) ; T 0 = T (r) −g 00 (r).
(
1.2)
Here T 0 is simply the integration constant that physically corresponds to the temperature seen by an observer at r = ∞, and g µν are the metric components. So, accordingly to Tolman's results, a column of gas situated in a gravitational field will have a temperature gradient depending on the height even after thermal equilibrium is reached. In the weak-field flat-Earth approximation
in agreement with equation (1.1). Near the surface of the Earth, ∇T (z)/T (z) ≈ 10 −16 m −1 , which is negligible in most experimental settings.
Conversely, spherical symmetry can easily be dispensed with and a modified version of Tolman's relation (1.2) also holds for arbitrary static spacetimes, as long as the fluid is also static, and as long as one adopts the time coordinate for which the metric is manifestly time independent and block diagonal. We then have, in a completely general spatial-position-dependent manner [4] T
Nothing said up to this point is really news for members of the general relativity community, although scientists from other areas of physics still largely ignore the existence of Tolman's results. Despite being already 88 years old, Tolman's temperature gradient result, combined with classical thermodynamics, is still able to provide useful information emphasizing the great differences between gravity and other forces of nature.
For instance Tolman's result necessarily implies a subtle modification of Fick's law for heat fluxes; Fick's law must really be rephrased in terms of the redshifted temperature T 0 , not the locally measured temperature T (x):
Only with this modified Fick's law will there be no heat fluxes in thermal equilibrium.
This paper is organized as follows: In section II we will briefly recapitulate some of Tolman's results, pointing out some crucial relations for a radiation gas. Section III extends Tolman's results to a special relativistic radiation gas subject to Newtonian gravity -strictly speaking general relativity is not needed. We will also look at the Planck spectrum in section IV, and in section V develop a distinct interpretation of what is temperature by asking what an external observer at a fixed position will see. Next in section VI we will discuss an argument given by Maxwell regarding thermal equilibrium for a column of gas in a gravitational field. In Section VII we study the thermodynamic consequences of a mooted temperature gradient induced by electric fields; quickly leading to a reductio ad absurdum. Finally Section VIII discusses our conclusions in this present work. (In two appendices we first discuss how history might have been different -Tolman-like results could in principle have been obtained as early as 1875, and second we present some brief comments on Loschmidt's argument.)
II. TOLMAN'S ARGUMENT
Let us now take a brief moment to review the main points of Tolman's result [1] . Taking the energy-momentum tensor of a perfect fluid,
with p being the isotropic pressure of the fluid, and ρ its density, plus a general static spherically symmetric spacetime of the form [3] 
we can impose both Einstein's equation as well as the fluid continuity relation. Doing so, we obtain the following result, equivalent to the general relativistic Euler equation:
When dealing with black body radiation, it is easy to see that applying the Stefan-Boltzmann law, ρ = a T 4 , together with the equation of state p = (ρ/3) into equation (2.3), we arrive at:
which leads to the temperature dependency on the metric
Here T 0 is an integration constant that physically corresponds to the temperature seen by an observer at r = ∞, (where we take ν(∞) = 0). [5] , which he then applied in his 1930 article [1] . (There are also other ways of dealing with a massive fluid, vide Maxwell's argument discussed below, or the Tolman-Ehrenfest article [4] . See also [6, 7] .)
For a general static metric of the form
Tolman's temperature gradient reads [4] :
III. CLASSICAL RADIATION GAS
In this section we will argue that the Tolman temperature gradient could have been derived some 25 years earlier than it actually was, in 1905 instead of 1930.
Indeed the Tolman temperature gradient could have been derived once special relativity was developed, the key choke points being E = mc 2 and the relativistic Euler equation. Already in the mid 1800's the notion of radiation gas was common, this being a gas of electro-magnetic wave-packets, (the notion of photon then not yet being developed), with energy density and pressure determined by Stefan's radiation law: dP = σT 4 dA. When phrased in terms of the radiation constant a we have
The second step, really only available once one has the notion of E = mc 2 firmly under control, is to realise the radiation gas has a equivalent mass density ρ = u/c 2 .
The third step involves invoking the special relativistic Euler equation (with g being the local Newtonian acceleration due to gravity in the flat Earth approximation)
Combining, and cancelling irrelevant constants, we have
Realistically, within the context of the flat Earth approximation we should only keep lowest-order term in the exponential, so that
This is exactly the Tolman effect for a radiation gas; but now derived without general relativity; by just using special relativity and Newtonian gravity. A refinement is to replace g → −∇Φ in the relativistic Euler equation, integrating then yields
Thus we see that the Tolman effect can be interpreted special relativistically, using the notions of radiation gas, E = mc 2 , the relativistic Euler equation, and Newtonian gravity (with the observed universality of free fall being essential to side-stepping Maxwell's attempt at a no-go theorem, as discussed below). Some readers might prefer this argument as it evades the need for the technical machinery of general relativity.
IV. PLANCK'S BLACKBODY SPECTRUM
Tolman's argument for the radiation gas is crucially dependent on the validity of the Stefan-Boltzmann law, ρ = aT 4 , regardless of the presence or absence of a gravitational field. Based on this, an interesting calculation comes from simply applying the known gravitational redshift of photons to Planck's spectral law. According to Planck, the energy density of a photon gas is given by
If this gas is situated in a gravitational field, each individual photon will be subjected to gravitational redshift in a way that, if ν 0 is the frequency of the photon at some reference height z = 0, we have:
3) It is possible to directly perform the integration on equation (4.3), and so immediately obtain the StefanBoltzmann law. However, we will instead rewrite T = T 0 1 − 2gz/c 2 , which is the Newtonian approximation for Tolman's result, and thereby obtain
(4.4) Dividing the system into horizontal slices, we can look at specific fixed heights z. Doing so, we obtain:
This might (very naively) be seen as a circular argument, but there is an important physics point here -demonstrating that the validity of Stefan-Boltzmann law is not affected by the presence of a temperature gradient due to gravity. Indeed the argument also shows that the Tolman effect can in principle be fully explained by the gravitational redshift -which is a purely kinematic effect in any metric theory of gravity -the Einstein equations are not used in this version of the argument leading to the Tolman effect. 
Here T (x) is the spatially dependent temperature from equation (2.7), while S is the entropy and E is the energy of a small "fluid element" located at position x, as pointed out in reference [10] .
An important question that might arise is this: Temperature, entropy and energy measured by whom? Given that T (x) is normally referred to as "the locally measured temperature", the answer must be: Those are the thermodynamic quantities measured by a local observer. But what if another observer, not quite local, decides to do the same measurements? What will she see?
Before answering that question, is it important to know how to calibrate thermometers. Given Tolman's result, T (x) = T 0 / g 00 (x), we certainly know that what each thermometer will measure will depend on its position. Then in a manner similar to clock synchronization in general relativity, we might attempt to "synchronize" them. But to do so, it is necessary to either set the zero of the temperature scale by placing all the thermometers at the same position (or on the same equipotential surface) or to use controlled physical processes at each height to establish the temperature there. Otherwise the temperature gradient (or lack thereof) might merely be an artefact of thermometer calibration. Now, let us assume we place the carefully calibrated thermometers at different heights in a gas column, as shown in figure 1. They will keep track of what the local observers are measuring, the position-dependent T (x). However, assume also that there is an observer outside the box that wishes to know what is the internal temperature distribution of the gas without making any local measurement.
She might do that, for example, by placing some device which opens a small cavity at the desired position, in a way that a sample of the black body radiation of the gas at that height will be sent to her. However, in the process of travelling towards the observer, the light frequency will be modified due to gravitational redshift, which will exactly cancel the metric dependence factor in the temperature T (x). To understand this better, consider the observer to be located at z = 0 for convenience, looking in some direction an angle θ to the horizontal (see figure 2) . Photons coming from a distance r away from her are coming from a height z = r sin θ. Suppose, for argument's sake, the Tolman effect was not present, (that is, if locally measured temperatures were constant), then a Planck spectrum emitted from z = r sin θ would be redshifted/ blueshifted by a factor (1 + gz/c 2 ) by the time the photons arrive at the observer at z = 0. However, light rays coming from distinct places will redshift/blueshift differently, in a way that the observer at z = 0 would see not a simple Planck spectrum, but rather a superposition of Planck spectra of different temperatures. But then the radiation gas is not at equilibrium at z = 0, and we have a reductio ad absurdum. The only way to avoid inconsistency is if the radiation gas has a position dependent temperature
2 ), since then the gravitational redshift guarantees that all these Planck spectra, when seen by the observer at z = 0 will have the same temperature T 0 . Again, Tolman's result is completely consistent with the Stefan-Boltzmann law and the Planck spectrum for a photon gas in internal equilibrium.
As expected from the universality of free fall, the black body radiation, as seen by an external observer, will never directly "reveal" local accelerations in spacetime. In this way, it also becomes clear that temperature always has to be measured locally (or quasi-locally).
Another interesting point is that the constant temperature seen by the outside observer will depend on the observer's position as well, since they will only "see" the temperature that is relevant to the equipotential slice on which they are located. That is included in the physical meaning of T 0 in equation (2.7). In the constant gravity case, for example, the higher the observer's position, the smaller the measured T 0 . In such manner, T 0 it is indeed a constant for each fixed external observer, but it may vary from one external observer to another. Concluding this discussion, we see that temperature, just as time, has to be measured locally or quasi-locally, even when a system is in thermal equilibrium.
VI. MAXWELL'S ARGUMENT
We now want to look at an argument given by Maxwell [8] some 150 years ago, regarding the equilibrium temperature of a vertical column of gas. It is based on the second law of thermodynamics and, as we will discus, is subtly misleading when applied to gravity, although it is fully valid for other forces. Using the more recent 1902 presentation [9] , the first part of Maxwell's argument goes along these lines, and is certainly valid in all generality: "[...] if two vertical columns of different substances stand on the same perfectly conducting horizontal plate, the temperature of the bottom of each column will be the same; and if each column is in thermal equilibrium of itself, the temperatures at all equal heights must be the same. In fact, if the temperatures of the tops of the two columns were different, we might drive an engine with this difference of temperature, and the refuse heat would pass down the colder column, through the conducting plate, and up the warmer column; and this would go on till all the heat was converted into work, contrary to the second law of thermodynamics."
This first part of Maxwell's 1902 argument establishes that temperature gradients in equilibrium states, if present at all, must be universal, otherwise the Clausius version of the second law is violated. (Temperature differences at the same height will certainly drive heat fluxes, and would allow one to construct a perpetuum mobile.)
Now this is not exactly what Maxwell originally concluded, because he was primarily interested in nonrelativistic atomic and molecular gases. The second part of his original argument went as follows:
"But we know that if one of the columns is gaseous, its temperature is uniform [from the kinetic theory of gases]. Hence that of the other must be uniform, whatever its material."
This second part of Maxwell's argument is now known to be incomplete once one includes relativistic effects.
As we have seen, to obtain his reductio ad absurdum result Maxwell made two quite specific assumptions: 1) that the (non-relativistic) kinetic theory result regarding the temperature of vertical gas column is true, so gases have zero temperature gradient when in thermal equilibrium regardless of the presence or absence of gravity, and, 2) that the temperature gradient, if exists, is different for distinct substances. These two strong assumptions, when put together, indeed leave not enough space for evading a perpetuum mobile.
Another possible version of this argument, which does not use the kinetic theory result a priori, but keeps the substance dependence assumption, can be formulated as follows: Assume you have a vertical column of gas in a gravitational field and suppose that, after equilibrium is reached, a vertical temperature gradient is present. If this is true, we can use a wire or some other heat permeable material to connect the upper and lower parts of the gas container and create, just like in Maxwell's scheme, a perpetuum mobile of the second kind.
The reason this second argument is again misleading is based on the universality of general relativity, which translates to the statement that any form of mass or energy is equally subjected to gravity. With the development of general relativity we became aware that gravity does not concern forces between bodies. It is about space-time, curvatures and geodesics. So, it doesn't matter whether we are looking at a gas, a piece of lead or photons. They will all experience the same metric and the effects that arise from it.
In this way, we see that if we use a wire to connect the top and the bottom of the gas container, all the atoms comprising the wire will also be suffering gravity's influence, in exactly the same way as the atoms in the gas. So the wire itself will exhibit a vertical temperature gradient, which is exactly the same as that in the gas, making the idea of a thermal machine impossible, since all its components would be in thermal equilibrium at every individual horizontal slice. The same argument is valid for Maxwell's two-column system.
It is worth noting that the speed of light explicitly occurs in Tolman's temperature gradient (∇T )/T = −g/c 2 , and so this effect would not and could not be picked up in any non-relativistic analysis. Maxwell's claim of the absence of temperature gradients in gaseous equilibrium is certainly an excellent approximation in the non-relativistic regime; it is only in relativistic physics that (tiny) equilibrium temperature gradients show up.
To conclude, it is important to point out that Maxwell's argument is only evaded due to gravity's universality. In that fashion, one might still possibly apply Maxwell's argument to other forces, as we will do in the following section.
VII. ELECTRIC THERMAL GRADIENT?
While trying to understand the theoretical underpinnings of Tolman's gravitational temperature gradient, we might ask ourselves whether it is an effect that could also be generated by any external potential that breaks isotropy and homogeneity of space, or whether it is specific to general relativity (possibly special relativity) and its many peculiar features. To clarify this point, we will consider an electric analogue of the gas column in a gravitational field, and analyse some consequences that an electrically induced thermal gradient would create. From them, we will be able to infer something about the plausibility of an electric temperature gradient. (Spoiler alert: No, it is not plausible.)
Consider an electron gas inside a box. An external electric field will be assumed to act on the whole system for long enough so that the particles already have had sufficient time to rearrange themselves into a equilibrium situation. Assume also that the gas density is very low, so that the force exerted by the external field is much stronger than the interactions between individual electrons (although they do interact in order that thermal equilibrium be achieved). If any temperature gradient occurs, it will be aligned with the direction of the external electric field. For simplicity, assume no gravitational field is present.
Let us now (for the sake of argument) assume that a temperature gradient in the equilibrium configuration does exist and ask what the possible thermodynamic consequences might be? A possible way to answer that question is to take the same path that Maxwell's argument followed. To do so, let us assume that we place, next to the just mentioned electron gas, a box filled with electrically neutral particles, i.e., photons, neutrons, etc. Due to its neutrality, this second box will not interact with the electric field, thus having no reason at all to present a temperature gradient. Continuing the argument on the same lines as before, we might use the gas of neutral particles as a "conducting wire", connecting the two ends (of the electron gas box) with distinct temperatures. This will create a heat flow, which enables us to construct a perpetual motion machine of the second kind. This argument is valid since, unlike gravity, electric fields are not universal, given that the effect it will cause on a particle depends on the particle's electric charge.
For the sake of clarity, we will also explicitly show that, if electric fields are able to produce temperature gradients in a gas in thermal equilibrium, then heat engines that violate the second law can be easily created. We will use a "gedankenexperiment" to do so. In the system presented in figure 3 we have three boxes aligned in the direction of an external constant electric field (vertically). The boxes labelled 1 and 2 contain radiation gas while the middle container is filled with an electron gas. As the external electric field is applied everywhere, if it can indeed create temperature gradients, the temperatures at the top and at the bottom of the electron gas will be such that T top i > T bottom i . The temperatures of the photon gases are constant. Now we will choose the temperatures of the boxes wisely. Box 1 will be colder than 2, but it will be hotter than the top temperature of the electron box: T 2i > T 1i > T top i . In this way, if we connect Box 1 with the electron gas, the laws of thermodynamics tell us that heat will flow to the latter until the top temperature of the electron gas equalizes with Box 1's temperature. The only assumption we are making here is that heat transfer depend on the local temperatures where the boxes touch. So, although the electron gas has (by assumption) a position-dependent temperature, it is the temperature where the contact is made with the photon gas that will tell us whether a heat flow will occur or not.
After this step, Box 1 will be colder and the electron gas warmer than its initial state, with T 1f = T top m > T top i , and T bottom m > T bottom i after equilibrium is reached. Additionally, we demand that the temperature of Box 2 be such that after the first heat transfer, T bottom m > T 2i . In this way, if we now connect Box 2 with the electron gas, given the temperature differences, heat will flow to Box 2 until its temperature equalizes with the bottom temperature of the electron gas. In the final picture we have temperatures satisfying T 1f < T 1i and T 2f > T 2i . The final average temperature of the electron gas will depend on the heat capacity of both photon boxes.
But this means that heat was transferred from a cold to a hot body, without any work being done on or by the system, which is a clear violation of the second law of thermodynamics. As the construction of the argument is extremely simple and depends only on the non-universal character of the electric force, it is easy to extend it to any force that is not universal.
We might state the conclusion of this argument as:
Given that temperature gradients created by any force that is not universal (e.g. dependent of charge, mass, spin,...) allows the creation of heat machines that violate the second law, these temperature gradients must not exist.
Going even further, up to date no force other than gravity seems to act on all sources of mass or energy in the same way regardless of internal composition of the bodies, so if desired we might even state this as:
Gravity is the only force capable of creating temperature gradients in thermal equilibrium states without violating the laws of thermodynamics. Figure 3 . Gedankenexperiment: Heat engine showing how heat is being transferred from the cold to the hot photon gas. Since heat flows depend only on the quasi-local distributions of temperature, it is possible to transfer heat from Box 1 to the electron gas, followed by a heat transfer from the electron gas to Box 2. In the final stage we have T 1f < T1i and T 2f > T2i, which violates the second law of thermodynamics.
VIII. CONCLUSIONS
In this article we have discussed some physical consequences that arise from Tolman's spatial dependence of locally measured equilibrium temperature distributions in gravitational fields -the best framework for doing this analysis being general relativity. (Though special relativity, by combining the notions of photon gas, E = mc 2 , the special relativistic Euler equation, and Newtonian gravity is enough to capture the basic physics.) We have argued that temperature, just as time, needs to be measured locally (or at worst quasi-locally). In addition, when dealing with the black-body radiation emitted by a finite-size system, we have seen that the frequency spectrum observed by an external observer will be blueshifted/redshifted by an amount exactly cancelling Tolman's √ g 00 factor, in such a way that observers looking at a finite-size body will "perceive" the same temperature at all points in the body. In addition, we have also pointed out how this observed temperature will depend on the external observer's position.
Next, an electric analogue of the ideal gas in a static gravitational field was presented. Based on the thermodynamic consequences that an electrically induced thermal gradient would have, it became clear that such an effect cannot exist (this is effectively an extension of Maxwell's no-go argument). Finally, a further natural extension of such ideas leads to the conclusion that gravity is the only force capable of creating temperature gradients in thermal equilibrium states without violating the laws of thermodynamics.
In closing, we should emphasize that while the specific points raised in this article are largely novel, the existence of Tolman's temperature gradient is not at all controversial (at least not within the general relativity community). See for instance references [11] [12] [13] [14] [15] [16] [17] [18] [19] . As early as 1873 (in untranslated work by Nikolay Umov largely unknown in the West) there were suggestions that E = kmc 2 , for some unspecified constant k [20] . This should immediately have suggested a mass density ρ = k −1 u/c 2 for radiation gas. The ordinary non-relativistic Euler equation, ρg = −∇p, would then yield
Integrating, this leads to
While the precise value of this temperature gradient does differ from Tolman's result by the purely numerical orderunity factor of 3/(4k), all of the really essential physics was already implicitly there -a Tolman-like result could have been in place a quarter of a century before 1900.
